INTRODUCTION
A graph is magic [5] if the edges can be labeled with nonnegative real numbers such that (i) distinct edges have distinct labels, and (ii) the sum of the labels of edges incident to each vertex is the same. Figure 1 is an example of a magic graph. By using the real vector space coordinatized by the edges of the graph, Stewart [8] has set a framework that has been used to construct not only many magic graphs but also several variants including semimagic, zero magic, and trivial magic graphs. While these other types of graphs have been characterized [2] , the same cannot be said of magic graphs despite the impressive results of Stanley [7] , Kotzig and Rosa [4] , and others (see Guy [3] ). In this paper regular magic graphs will be characterized. The method used will be an investigation of a matroid structure that arises from a chain group given by the magic labels, and from this structure to show that, roughly, a graph is magic if the edges are covered by even circuits in a certain pattern. This will allow the problem to be studied locally, and it will be evident, for example, that, except when the degree is equal to one, a regular graph is magic if and only if each connected component is magic. The proofs will be algorithmic in nature, i.e., given a graph it will be possible to construct a magic labeling of the edges. Barry Wolk at the University of Manitoba in fact has written a computer program that produces these labelings quite rapidly.
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r=60 FIGURE 1 In an earlier paper [1] $2,~ was defined as a circuit of length 2n with antipodal vertices joined and it was shown that S~n is magic if and only if n is odd. Similarly C~ • /s consists of two circuits of length n with corresponding vertices in order in the two circuits joined, and in this case the graph, also with 2n vertices, is magic if and only if n is even. The characterization will make the reason for these opposing dichotomies clear.
We shall first define the matroid structure that we wish to use. A matroid (E, ~f) consists of a finite set E and a family c~ of subsets of E called circuits satisfying (i) no circuit properly contains another and (ii) for any pair of circuits Ca and C2, if e ~ Ca n C~ then there is a circuit contained in Ca u C2 ~ {e}. A dendroM D is a subset of E that has nonempty intersection with every circuit and is minimal with respect to that property. Clearly for each e ~ D there is a unique circuit C such that C n D = {e}. If G is a connected graph and E is the set of edges of G, then the minimal cycles, or polygons, form the circuits of a matroid and the complement of the edges of a spanning tree forms a dendroid. If E is a finite set and R is an integral domain, a chain group on E over R is a set of maps from E to R that is closed under pointwise addition and scalar multiplication. For a particular map f, the support off, denoted IIfll, is defined by Ilf[I = {e e If(e) ~ 0}. Given a chain group on E, a matroid (E, c6~) results by defining cg to be the minimal nonempty supports. If D is a dendroid for this matroid, then for each e e D there is a map f, such that IIf~ [] n D --{e} and Hf~ ]1 is a circuit. We then call w : I~Df,(e) a weight of the matroid. Tutte [10] has shown that if w is a weight, then for any fin the chain group we may write e~ D and that this expression is unique. Our first goal will be to construct certain matroids with unit weight.
CHAIN GROUPS WITH UNIT WEIGHT
We are investigating the labelings of edges of a graph by real numbers; such a labeling can be viewed as a mapping from E(G) to R in the obvious manner, namely, that the image of an edge is its real label, and as such we shall use the terms map and label interchangeably. The semimagic space, S(G), as defined by Stewart [8] is the set of all labelings such that the sum of the labels incident to each vertex is the same. In other words, if ~7(v, e) is equal to one when vertex v and edge e are incident and zero when they are not, the semimagic space is given by The value r is called the index of the labelf. The graph in Fig. 2 is endowed with a semimagic labeling that is not magic since there are two edges with the same label. We shall see that any semimagic labeling of that graph will have identical labelings on the selfsame edges, and hence that the graph is not magic. 
(G)C S(G)
of all maps with index equal to zero is also a chain group and-is called the zero space. For an arbitrary connected graph G, the structure of a dendroid for the zero space chain group matroid is known [2] and may be described as follows: if the graph is bipartite, a dendroid is the complement of the edges of a spanning tree. If the graph is not bipartite, then the complement of a dendroid consists of the edges of a spanning tree plus one additional edge which when added to the spanning tree produces a circuit with an odd number of edges. To proceed we need to construct chains with unit weight, and, given the dendroid D, this can be done in the following manner: for e e D, a spanning tree in the complement of D plus the edge e produces a unique polygon. If this polygon has an even number of edges, label them in order alternately with 1 and --1; when all other edges are given a zero label, a map in Z(G) results. If, on the other hand, this polygon has an odd number of edges, then the graph is not bipartite, and the complement of D contains an odd polygon. When e is added to the complement of D, a subgraph with two (perhaps nondisjoint) polygons results. Consider the dosed walk that consists of the following four edge sequences: the first along a shortest path joining the two odd polygons (which may in fact be vacuous), the second around one odd polygon, the third the same as the first but in the opposite order, and the last around the second polygon. The total number of edges is even, so we may label them in order alternately with 1 and --1.
Adding together the labels of any edge that appears more than once in the sequence and giving all unlabeled edges a zero label then produces an element of Z(G). Note that in the former case each edge is labeled by 4-1 or 0.
In the latter case the labels are 4-2, 4-1, or 0. In either case e is labeled by 4-1. Multiplying all the labels by --1 if necessary, we now have a map f" such that f"(e) = 1. Doing this for all e e D, we get a set of maps with unit weight, and thus for any g ~ Z(G), g= EA~fe.
e~D
The set {f" [ e ~ D} constructed in this manner will be called the dendroid basis, and it will be most useful for constructing mgaic labelings.
The support off, is always an even polygon or two odd polygons joined by a path. It follows that all circuits of the matroid induced by Z(G) have this form, and hence a graphical configuration of this type will be called an even circuit.
It is immediate from the properties of a dendroid that for a particular D, the set {f" [ e ~ D} is unique. All we have done is taken some mapfsuch that ]Ifll n D = {e} and normalized it so that f(e) = 1. What is not immediate is that this normalization procedure always produces a map which only takes on values 0, 4-1, or 4-2. In fact the only property of the reals that was used was the fact that the characteristic is not equal to two, a property inherited by the integers. It follows, then, that a graph is magic with real labels if and only if it is magic with integral labels.
MAGIC, SEMIMAGIC, ZEROMAGIC GRAPHS, AND DENDROID BASES In this section we give relations between magic graphs, S(G), and Z(G).
This will allow us, first, to give some straightforward sufficient conditions for a regular graph to be magic, and, second, to determine the critical properties of a dendroid basis that are necessary for a characterization.
It is obvious that, because of the distinctness condition, a regular graph with degree equal to one is magic if and only if it is connected, and a regular graph with degree equal to two is never magic. Hence we may restrict our attention to graphs with degree d >~ 3. 
there is a map fE S(G) such that f(e 0 ~-0 and f(e~) ~ O, (iii) for any el ~ e~, there is a map g e Z(G) such that g(el) ~ g(e~), and (iv) for any el v ~ e2 and any dendroid D, there is a map fe in the dendroid basis such that f~(ea) @ fe(e2).
Proof. (i) ~ (ii) Let g be a magic labeling and define the map j:
E(G)-+ R by j(e) = 1 for all e ~ E(G). Since G is regular, j ~ S(G) as is
f ~-g --g(el)j which has the desired properties.
(
ii) ~ (iii) Let r be the index off and define g ~-df--rj; then g ~ S(G) and since ~e~e(c) ~7(v, e) g(e) -~ dr --rd ~ O, we also have g ~ Z(G). Finally g(eO = g(e2) implies f(el) -~ f(e2) so that g has distinct images.
(iii) ~ (iv) As was seen in Section 2, we can write g = ~e~o )~ef~ and hence it must be that f,(eO v ~ f~(ez) for some e ~ D.
(iv) ~ (iii) Arbitrarily choose subscripts such that {f0 ,fl ,...,f,} n {fe I e ~ D}, and consider the map g ----~i=o 5%. Since the construction of the dendroid basis ensures that f~ takes on values of only 0, ~1, or !2, g(e) is essentially a base 5 expansion of an integer, and hence g(eO ~ g(e2) implies thatfi(e~) = f~(e2) i ~--0, 1, 2,..., n yielding the desired result.
(iii) ~ (i) Let m ----min{ g(e) I e ~ E(G)}, and let h = g --mj. Then h ~ S(G) and h(e) >~ O. Further, el @ e2 implies h(el) :# h(e2)
and hence h is a magic labeling.
We say that a graph is separable by even circuits if for any pair of edges there is an even circuit that contains exactly one of them. Stewart [8, p. 1043] has found separation properties useful in the study of pseudomagic graphs~ COROLLARY 3.2. A regular graph that is separable by even circuits is magic.
Proof. Let e~ and e2 be an arbitrary pair of edges of G and let C be an even circuit that contains one of them, say e2. Construct f~ Z(G) by the alternate labeling of edges by 1 and --1 as described in Section 2. Then f(ex) = 0 @ f(e2), and by Theorem 3.1 the graph is magic. COROLLARY 3.3 (Stewart [9] ). Ks is magic if n ~ 5.
Proof. Let el and e2 be two edges of Kn, and let v be an endpoint of el that is not an endpoint of e2 9 Then there are four vertices in V(K~) ~-~ {v} which include both endpoints of e2, and these four vertices induce a polygon of length four which contains e2 9 Hence the edges are separable by even circuits and the graph is magic.
Seidel [6] defines the ladder graph H(n) to be a complete graph on 2n
vertices with a one factor deleted. Let Kn --C~ be a complete graph with a Hamiltonian circuit deleted. Then by reasoning as in the proof of Corollary 3.3 we obtain the following:
. (i) H(n) is magic if and only if n ~ 3. (ii) K,~ --Cn is magic if and only if n ~ 7.
From Corollary 3.3 and Corollary 3.4 one is tempted to conjecture that if the degree is large then the graph is magic. In the next section we shall see that this is indeed the case and give a strict bound of d as a function of the number of vertices that will ensure that the graph is magic.
The case of a complete bipartite graph fits this situation nicely. It is obvious that if n ~ m ~ 3, then K~,, is separable by even circuits. Hence if m -----n ~ 3 then K .... is magic. If m # n then the only semimagic label is the zero map [2] and hence the graph is not magic. From the above examples one might be tempted to conjecture that separation by even circuits characterizes regular mgaic graphs, but this is not the case. For the graph in Fig. 1 , the two edges labeled with 6 and 24 are not separable by even circuits. But, as we shall see in the next section, the occurrence of graphs that are magic but not separable by even circuits is relatively infrequent.
Thus far we have restricted ourselves to connected graphs. We wish to complete this section by first showing that for the matroid of even circuits every edge is contained in some circuit and then using this to show that a regular graph of degree d ~> 3 is magic if and only if each connected component is magic.
A graph is bipartite with bipartition (V~, V2) if V(G) = V~ u V2
, every edge has one endpoint in V~ and one in V2, and //1 (~ V2 = ;z. Proof The sum of the degrees of vertices in/I1 and the sum of the degrees of the vertices in V2 are both equal to the number of edges, and hence the result is clear.
PROPOSITION 3.7. Let G be a regular graph of degree d ~ 3. Then every edge is contained in an even circuit.
Proof. With no loss of generality we may assume that the graph is connected. Let e be an arbitrary edge of G. If G ~ (e} is disconnected, then it consists of exactly two components G1 and G2, and each of these components has every vertex but one of degree d and the last vertex of degree d --1. Hence by Lemma 3.6, neither G1 nor G2 is bipartite and each must contain a polygon with an odd number of edges. Clearly the shortest path joining them must pass through e, so that e is contained in the even circuit created by the two odd polygons and the path. If, on the other hand, G ~-~ (e} is connected, there is a path joining the endpoints of e which, together with e, forms a polygon. If this polygon has an even number of edges, then it is an even circuit and the conclusion is satisfied. If the polygon has an odd number of edges, then G ~ (e} is not bipartite, for if it were Lemma 3.6 would be violated. Thus G ~ {e} contains an odd polygon, and G contains two odd polygons. By using the construction in Section 2 of alternate labels of 1 and --1, the two polygons plus a shortest path joining them determines an even circuit, and since e is in exactly one of the polygons, e is in the even circuit.
The property that each edge is contained in a circuit is rather striking. The polygon matroid does not possess it as the example in Fig. 2 illustrates.
THEOREM 3.8. Let G be a regular graph of degree d ~ 3, and GI ,..., G~ be the connected components of G. Then G is magic if and only if Gi is magic, i = I,..., n. Proof Obviously if G is magic, then any magic labeling restricted to E(Gi)
is a magic labeling of Gi 9 Now suppose Gi is magic; letf, be an element of a dendroid basis for G~ and define f,*: E(G) ~ R as the map whose restriction to E(G~) is fe and which maps all other edges to zero. If we take a dendroid basis for each Gi the set of all f~* constructed from these dendroids is clearly a dendroid basis for G. Now consider e~ ~ e2 9 If {el, e2} _C_C E(Gi) for some i, then by Theorem 3.1 there is a map f~ in the dendroid basis for Gi such that f,(el) # f,(e2). Thus f,*(el) # f~*(e2). On the other hand, if el e E(Gi) and e2 q~ E(Gi) then, by Proposition 3.7, e~ is contained in some even circuit in G,, and, by the construction of alternate labels of 1 and --1, there is anfe Z(Gi) such thatf(e~) # 0. Letting f* be defined as the extension off which sends all edges not in E(Gi) to zero, f* c Z(G) and f*(el) # f*(e2). Thus by Theorem 3.1 G is magic.
CHARACTERIZING REGULAR MAGIC GRAPHS
From the foundation set in Sections 2 and 3 we can now give our characterization. From Theorem 3.8 we need only look at connected graphs. We first look at bipartite graphs. The line connectivity of G, A(G), is the smallest number of edges whose deletion disconnects the graph. Proof. Let el @ e2 be edges of G. Then the deletion of el and e2 from G leaves a connected graph so that a path joins the endpoints of e2 9 This path plus e2 produces a polygon which has an even number of edges since the graph is bipartite. Hence this polygon is an even circuit that contains e2 but not el, and by Corollary 3.2, the graph is magic.
LEMMA 4.2. Let G be a regular bipartite graph with )t(G) = 2. Then G is not magic.
Proof. Let {el, e2} be a set of edges whose deletion disconnects the graph Let G1 and G~ be the two connected components of G ~ {el, e2}. Since the graph is bipartite, the even circuits are precisely the polygons. Any such polygon that contains el must consist of el, a path P~ in G~, e~, and a path P2 in G~. Now G~ inherits the property of being bipartite, and since all but two vertices are of degree d, Lemma 3.6 tells us that the endpoints of e~ and ez in Gx are in different sets of the bipartition and hence P~ contains an odd number of edges. Thus by the labeling of alternate 1 and --1 in Section 2, it must be that el and e2 have the same label so that f~(e~) = f~(e~) for all e and hence by Theorem 3.1 G is not magic.
By Lemma 3.6 there do not exist regular bipartite graphs of degree d ~> 3 and A(G) = 1. Hence we can now examine the nonbipartite case. Let el and e2 be an arbitrary pair of edges. Case 1. G ~ {el, e2} is connected and not bipartite. Then there is a spanning tree T and an edge ea such that T t3 {e3} contains an odd polygon. Then T t3 {e~, e~} contains an even polygon or two odd polygons and there is an even circuit that contains e2 but not el 9
Case 2. G ~ {el, e2} is connected and bipartite. Let (V a, V~) be the bipartition of V(G ~ {e~, e2}). Since G is not bipartite we can say without loss of generality that ea has both endpoints in V1 9 If e~ had one endpoint in V1 and one in V2, a contradiction to Lemma 3.6 would result.
Case 2(a). e2 has both endpoints in V1. Clearly any even circuit that contains el must also contain e2. By the alternate labeling of 1 and --1 we get an element of Z(G) such that el and e~ have opposite sign. Hence f~(e0 :/= f~(e2) for some e.
Case 2(b). e~ has both endpoints in Vs. As in the previous case any even circuit that contains el also contains e2, but the alternate 1 and --1 labeling now assigns the same value to e~ and e~. This implies that f~(e~) = f~(e2) for all e, and by Theorem 3.1 the graph is not magic.
Case 3. G ~-~ {e~, e2} is disconnected and one of the components is bipartite. In this case Lemma 3.6 implies (a) el and e2 both have exactly one endpoint in the bipartite component and that these endpoints are in different sets of the bipartition, or (b) e~ and e2 have three endpoints in the component all in the same set of the bipartition. In the former case, any even circuit that contains e~ also contains e2, and the path joining e~ and e2 in the bipartite component has an odd number of edges. Hence the labeling by alternate 1 and --1 assigns the same value to e~ and e~ and the graph is not magic. In the latter case any even circuit that contains ez also contains e~, but while one edge is assigned the value • the other is assigned ~ 1.
Case 4. G ~ {ca, e2} is disconnected and none of the components are bipartite.
Case 4(a). G ~ {e~} and G ~ {e~} are both disconnected. In this case G ~-~ {e~, e2} has three connected components G1, G2, and Ga ; say that et has one endpoint in G~ and one in G~. Since G1 and G2 both contain odd polygons, and any shortest path joining them contains e~, there is an even circuit in G~ t3 G2 w {e~} that contains e~ but not e~.
Case 4(b). G ~ {e~} or G ~ {e2} is connected. Say that G ,-~ {el} is connected. Then G ~ {el, e~} has two connected components neither of which is bipartite. Taking an odd polygon in each, there is a shortest path in G ~ {el) joining them, and this path must contain e~. Hence there is an even circuit that contains e2 but not el so that f~(el) @ f~(e2) for some e. While Theorem 4.3 is a characterization of regular magic graphs, the characterizing graph theoretic properties at first seem awkward. These properties, however, are often easy to apply and can be related to more familiar properties in many cases.
The graphs $2,~ and C~ • K2 defined in the Introduction exemplify this situation. In both cases the parity of n determines which case of Theorem 4.3 is satisfied. If n is odd, then $2, satisfies the hypothesis of Lemma 4.1 while if n is even two diametrically opposite edges in the circuit satisfy the hypothesis of Case 2(b). In particular/s is not magic (cf. Corollary 3. We have already seen that there exist magic graphs whose edges are not separable by even circuits. The proof of Theorem 4.3 shows us that these can arise in only a limited number of ways; the proof actually produced separating even circuits when the graph was magic except in Cases 2(a) and 3(b). The graph that arises in Case 2(a) consists of a bipartite graph plus two edges for which all endpoints are in the same set of the bipartition of the vertices.
By Lemma 3.6 this implies that d = 4. In fact the graph in Fig. 1 We can also describe graphs with large degree as being magic. Proof. As we saw in Theorem 4.3, G is not magic only if the deletion of two edges leaves a connected component which is bipartite. This remaining component has all but four vertices of degree d and hence d ~ n/2. This is the best possible bound since a nonmagic graph can be constructed by taking K~,n, deleting two edges {ul, u2}, {vl, @, and adding two new edges {ul, vl} and {u2, v2}. By direct computation one sees that Theorem 4.7 is valid for d=4butnotford= 3. A similar result holds for the number of edges. 
